The tube wave, or low-frequency manifestation of the Stoneley wave, has been modeled previously using the quasi-static approximation; I extend this method to include the effect of the formation matrix compressibility, which tends to marginally increase the tube-wave attenuation. Using the Biot theory of poroelasticity, I develop a fully dynamic description of the Stoneley wave. The dispersion relation derived from Biot' s equations reduces in the low-frequency limit to the quasi-static dispersion relation. Comparisons of the quasi-static and dynamic theories for typical sandstones indicate the former to be a good approximation to at least 1 kHz for oil and water infiltration. At higher frequencies, usually between S and 20 kHz for the formations considered. a maximum in the Stoneley Q is predicted by the dynamic theory. This phenomenon cannot be explained by the quasi-static approximation, which predicts a constantly increasing Q with frequency. Instead, the peak in Q may be understood as a transition from dispersion dominated by bore curvature to a higher frequency regime in which the Stoneley wave behaves like a wave on a flat fluid-porous interface. This hypothesis is supported by analytical and numerical results.
INTRODUCTION
The attenuation of the Stoneley wave in the presence of formation pore-fluid mobility is well known and has been proposed as a means of measuring permeability (Alhilali and Zemanek. 1984) . Quantitative modeling by Rosenbaum (1974) , Schmitt and Bouchon (1984) , and by Schmitt et al. (1988) supports the conclusion that attenuation increases with permeability and with pore fluid mobility; i.e., attenuation decreases as pore-fluid viscosity increases, Rosenbaum based his findings on synthetic acoustic signals covering a wide range of frequencies, Schmitt et al. (1988) examined the effects of individual factors. such as interface permeability, pore fluid, and bore radius. and also discussed the first pseudo-Rayleigh wave mode. Others, particularly White (1983) and Mathieu and Toksijz (1984) . considered the low-frequency quasi-static regime in which the Stoneley wave is often referred to as the tube wave. They obtained explicit analytical results that indicate attenuation increases with porosity, permeability, and frequency, but decreases with bore radius. Hsui and Toksoz (1986) drew similar conclusions from an approximate dynamic model for the Stoneley wave; however, as discussed below, some of their numerical calculations appear to be in error. The general findings of these various theoretical calculations are in agreement with measured data (Williams et al., 1984; Burns and Cheng, 1986). Liu (1988) recently considered the influence of permeability on the modes of a cylindrical sample submerged in Huid.
The present study examines Stoneley-wave attenuation over the full frequency range of acoustic logging. The objective is not to reproduce the findings of the references mentioned,~but to understand the underlying mechanisms. In the quasi-static regime. the tube-wave dissipation is well known (White, 1983) to result from diffusion of pore pressure into the surrounding formation via the connected pore network. This dissipative mechanism is still effective at higher frequencies, as suggested by Rosenbaum' s (1974) calculations. However, it is complicated by the coupling between pore pressure diffusion and purely geometrical dispersive effects found in elastic formations. The latter subject is well treated in the literature of full-wave acoustic logging, beginning with Biot (1952) . Recent references are listed by Schmitt and Bouchon (1985) , while Stevens and Day (1986) focus on the low-frequency dispersion.
The first half of this paper considers in detail the quasistatic theory of tube-wave dispersion and attenuation. This theory, which by definition ignores all inertial effects except that of the bore fluid. was developed by White (1983) . The main result of this part of the paper is an extension of White' s analysis to include the compressibility of the matrix grain. This is necessary to verify the fully dynamic theory for a compressible matrix, which is considered later. It is shown that frame compressibility decreases the pore-pressure diffusion coefficient but increases the tube-wave attenuation. The results of the quasi-static theory are compared with those for a rigid frame (White. 1983 ) and also with the theory of Mathieu and Toksoz (I 984 Before considering tube-wave attenuation in a permeable formation, it is necessary to define precisely the diffusion coefficient to be used. This is done for two reasons: first, previous treatments (White, 1983; Mathieu and Toksoz, 1984) have not considered the effects of frame compressibility; second, the quasi-static limit of the dynamic dispersion relation derived below in equation (24) explicitly contains frame compressibility. so any quasi-static theory that ignored frame compressibility would not be in agreement. The quasi-static analysis is thus necessary as a cheek on the fully dynamic results discussed later. It is also useful in its own right, but its range of validity is uncertain at this stage.
Quasi-static fluid Row through a permeable solid is governed by Darcy' s law (See Appendix A for the definitions of ~~~~ u. M, K, and K,.) Also, the static equilibrium equations T;,,, = 0 imply ri,, lj = 0, which, with equations (A-l) and (A-2), gives K(K' + $t)V' p = K,(K + $t)V' p' . In all cases of practical concern, the pressure p goes to zero uniformly at inlinity. The condition for the borehole geometry of interest here is that p+ 0 as r~ ic. Direct integration then yields K( K, -t $)p = K, (K + $)p' . Now we take the divergence of Darcy' s law, equation ( 
The diffusion coefficient C has been derived and discussed by Jaeger and Cook (1969), Rice and Cleary (1976) , and Chandler and Johnson (1981) among others, but it appears that no quantitative comparison of C, C,, and C, has been given. It is shown in Appendix B that a > $. It then follows from equations (5) and (7) that c, <c<c,.
The simple coefficient C, therefore overestimates the decrease in diffusivity due to the matrix compressibility. However, a better lower bound for C exists in the form C, < C, where C, = C,/(l + K,/$K,) > C,, and K, is the bulk modulus of the grain (see Appendix A).
The distinction between the Biot diffusion coefficient C and the simpler C, is obviously negligible when the pore fluid is much more compressible than the matrix, as for example, in gas-saturated sandstone. Table 3 The open-pore speed of equation (14) Let Q,, u = S, C, and B. be the quality factors (White, 1983) for the formation shear waves, formation compressional waves. and borehole acoustic waves. Under the generally valid assumption l/Q, << I, a = S. C. and B, a tube-wave quality factor Q, can be defined by L%--' = 1).;' (1 + ii2Q.J. It follows by perturbation of equation (14) as
that Q,,, a frequency-dependent quality factor attributable to permeability. is Values of Q, at I kHz frequency are given in Table 3 for saturated sandstones. Note the broad range in Q,. For a given formation, the importance of pore-flow attenuation can be estimated by comparing the Q,, term in equation (18) with the other two Q terms.
Comparisons with other approximate theories
White' s theory for a rigid matrix.--The quasi-static tubewave speed in a permeable formation of equation (13) is similar to that of White (1983) for a rigid frame. His equation has C = C,, the diffusion constant for the rigid frame. As equation (8) indicates. the ratio C/C, is less than unity. Replacing C with C, in equation (13) has the effect of decreasing both the real and imaginary parts of the second term on the righthand side. Consequently. frame compressibility causes an increase in the tube-wave attenuation in a permeable formation. This result is not obvious: since the diKusion coefficient C is less than its rigid counterpart C,, a straightforward substitution in White' s theory incorrectly predicts a decrease in attenuation. In this frequency range, the approximation of equation (14) is not valid. Instead, equation ( Tables 1 and 2 ). Mathieu theory predicts too large a value, particularly at low frequencies where the present theory is valid. As surmised previously, the attenuation for the rigid matrix is uniformly less than that of the compressible matrix. However, even for this formation, which has the greatest difference between C and C, (see Table 3 ), the effect of matrix compressibility on tube-wave attenuation is small. The complex tube-wave speed u of equation (13) is based upon a quasi-static theory for which t' = is the appropriate speed in a nonporous formation. No inertial effects were included in the derivation. In order to examine the effect of permeability on the Stoneley wave at higher frequencies, a dynamic theory must be considered that incorporates porefluid flow. (22) is shown in Figure 3 , compared with the quasi-static o. The agreement at low permeability but finite h is explained as follows: In the limit of small attenuation, the second term in equation (22) is small. Hence the argument of J, must also be small and independent of h, so equation (22) also reduces to the quasi-static theory when the permeabilityinduced attenuation is small. This equivalence is to be expected, since the fundamental mode of equation (22) 
The theory of Hsui and
The same combinations of sandstones (Table 1 ) and saturants (Table 2) 
det (i&J = where the function E(x) is defined in equation (12). The lowfrequency limit of the dispersion equation (23) thus reduces exactly to the quasi-static equation (13).
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As discussed in Appendix A, the inertial factor Characterizing the pore-fluid drag is T = 3. The critical frequency jj = $q/2napf T is given in Table 3 Note the expected agreement between the quasi-static and dynamic theories as ,j--+ 0. The transition from quasi-static to dynamic occurs at about 1 kHz. At higher frequencies, the phase speed exceeds the purely elastic speed. This is to be expected. since the pore fluid introduces attenuation and thus more dispersion. In typical. e.g., viscoelastic, wave processes exhibiting frequency-dependent attenuation, the effect upon the wave speed is to give a higher phase speed at higher frequencies. The same phenomenon is evident in The presence of the Q maximum is to be expected for sandstone-saturant formations in which the flat interface approximation is justified. Thus. for water in Fox Hill and Berea and gas in Fox Hill, there exists a frequency range beyond the quasi-static regime for which the Biot third wave is diffusive and within which the above-mentioned transition is possible. This is only marginally true for Teapot-water and Berea-gas. A transition actually occurs in the latter case (Figure lo) , but not in the former (Figure 8 ).
Discussion
The results indicate that the nature of Stoneley-wave dissipation in permeable formations is quite complex in the acoustic logging frequency range. The appearance of the Q maximum is essentially a transition from curvature-dominated dispersion to an effectively flat interface. The only pore-flow parameter contained in the approximate equation (32) The attenuation curves indicate that the Q value of the Stoneley wave can display a peak in the acoustic logging band. This novel phenomenon has been explained on the basis of a transition from curvature-dominated dispersion to dispersion on a flat fluid-porous interface, an explanation which is supported by analytical approximation of the dispersion relation. The Q peak is not a quasi-static tube-wave effect, since the Q value increases as (f) I" in this regime. It is a combination of geometrical dispersion effects and the dissipation caused by viscous flow in the pores. It is not a product of pore-fluid inertial effects contained in the Biot theory, but is simply a direct consequence of Darcy' s law. High-quality real data are necessary to determine whether the Q peak is of practical significance. Variations in bed properties and intrinsic attenuation may dominate, making a peak difficult to identify. However, observation of a peak would considerably enhance confidence in models such as Biot theory.
grain (Brown and Korringa, 1975; Rice and Cleary, 1976 
